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SUMMARIES 
This article attempts to explain Fermat's not quite 
obvious calculations connected with his deduction of 
the law of refraction in Analysis ad refractiones 
(1662), and to describe the development which led to 
these calculations. In 1657 Fermat tried to deduce a 
law of refraction based on the principle that light 
follows the quickest path between two given points. 
He did not succeed because he found that the calcula- 
tions were too long and tedious. The calculations 
are indeed complicated, but if Fermat, in 1657, had 
been willing to accept Descartes' law of refraction 
he would probably also have seen that it solved his 
problem. However, Fermat was of the opinion that 
Descartes' law was wrong and, therefore, he did not 
expect that solution. Only in 1662, when he succeeded 
in reducing the calculations substantially, did he 
realize that they led to the sine law of Descartes. 
Le but de cet article est, d'une part, d'expliquer 
les calculs guere &idents contenus dans la dgrivation 
de Fermat de la loi de la r&fraction dans Analysis ad 
refractiones (1662), d'autre part de suivre le d&velop- 
pement pr&Gdant ces calculs. En 1657 Fermat a commenc& 
de d&iver une loi de la refraction, en partant du 
principe que la lumiere se meut par le chemin le plus 
rapide entre deux points don&s. II a abandon& ses 
calculs parce qu'il les a trouv& trop longs. I1 est 
vrai que les calculs sont compliqu&, mais si, en 1657, 
Fermat avait et; p&t a accepter la loi de la rgfraction 
de Descartes, sans doute aurait-il reconnu cette loi 
comme la solution du problame. Cependant, Fermat &tait 
convainqu que la loi de Descartes &tait fausse et, par 
consgquent, il n'a pas p&vu une telle solution. C'est 
seulement en 1662, quand Fez-mat a r&ssi B simplifier 
substantiellement les calculs, qu'il a constate, B son 
grand Btonnement, qu'ils aboutissaient B la loi de sinus 
attribuee a Descartes. 
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Formglet med denne artikel er defs at forklare de 
noget uigennemskuelige regninger, der er indeholdt i 
Fermats udledelse af brydningsloven i Analysis ad 
refractiones fra 1662, og dels at f@lge den udvikling, 
der 9% forud for disse regninger. I 1657 fors$gte 
Fermat at udlede brydningsloven ud fra et princip om, 
at lyset bevaager sig ad den hurtigste vej mellem to 
givne punkter. Han opgav sine regninger, fordi han 
fandt dem for uoverskuelige. Regningerne er og.& 
besvierli ge; men hvis Fermat i 1657 havde vzeret villig 
til at acceptere Descartes' brydningslov, kunne han 
sikkert ogsz have indset, at den er l&ning til det 
problem, han havde opstillet. Fermat var imidlertid 
af den overbevisning, at Descartes' lov var foxkert og 
ledte derfor ikke efter denne l&ning. F&st da det 
i 1662 lykkedes Fermat at forenkle regningerne fra 
1657 vassentligt, mztte han med stor undren konstatere, 
at de f&te til Descartes' sinuslov. 
INTRODUCTION 
In 1662 Pierre de Fermat wrote two short treatises on re- 
fraction. The first, Analysis ad refractiones, contains a 
deduction of the law of refraction based on the principle that 
light follows the path where the resistance against its movement 
is minimal [Fermat 1891, I, 170-1721. Fermat further assumed 
that the speed of light in a medium is inversely proportional 
to the density or the resistance of the medium. Under this 
assumption he proved geometrically in the second treatise, 
Synthesis ad refractiones, that his law of refraction fulfills 
the condition that the light traverses the path of least time 
[Fermat 1891, I, 173-1791. 
In his Dioptrique Renk Descartes had deduced the sine law 
of refraction based on a model of a ball penetrating a piece of 
cloth [Descartes 1637, 16-25; 1965, 96-1051. Although Descartes 
held the theory that light is propagated instantaneously, he 
assumed in his deduction that light is transmitted more easily 
through a dense than through a rare medium. This is exactly 
the opposite of Fermat's assumption that the velocity of light 
is inversely proportional to the density of the medium. Hence 
Fermat expected that his approach to refraction would lead to 
a law different from that of Descartes and, therefore, he was 
genuinely surprised when he realized that his deduction in 
Analysis ad refractiones gave Descartes' result [Fermat 1894, 
II, 4621. 
The details of this story are well described in the liter- 
ature, whereas Fermat's mathematical technique and the problems 
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involved in it have not received much attention [l]. Fermat's 
technique is an example of an application of his Methodus ad 
disquirendam maximam et minimam [Fermat 1891, I, 133-1361, but 
it contains some intriguing features, which are worth noting. 
FERMAT'S APPROACH TO A LAW OF REFRACTION IN 1657 
More than four years before he compiled Analysis ad refrac- 
tiones Fermat tried to deduce a law of refraction from a minimum 
principle. In a letter to C. De la Chambre, dated August 1657, 
he formulated the following problem: Let two homogeneous media, 
1 and 2, separated by the line AB be given, and let it be sup- 
posed that a ray of light passes from C to I (Fig. 1); it is 
then required to determine point D on AB with the property that 
the resistance toward the movement of the light from C to I via 
D becomes minimal. 
Fermat assumed that the two media have resistance factors 
rl and r2, such that the resistance of medium 1 toward the 
movement from C to D can be expressed as rl l CD and, similarly, 
the resistance against the movement along DI as r2 l 03; the 
total resistance is then given by 
'1 9 CD + r2 l DI (1) 
[Fermat 1894, II, 354-359, especially 358; the notation is 
changed]. 
Figure 1 
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Fermat's letter did not contain a solution which showed how 
point D should be constructed to minimize expression (1). In a 
later letter, sent on January 1, 1662, to De la Chambre together 
with Analysis ad refractiones, Fermat explained why he did not 
solve the problem formulated in 1657. He first mentioned his 
fear that a new law would be received with objection, because 
experiments had already verified Descartes' law. (He later 
overcame this hesitation with the argument that it was possible 
that Descartes' law approximated the "true" law so well that 
experiments could not tell the difference [Fermat 1894, II, 
4611.) He then continued: 
The second obstacle which impeded my research was the 
length and difficulty of the calculation [involved] 
in the resolution of the problem I mentioned to you 
in my letter [from August 16571 which I testified to 
be none the easiest and which at first expresses four 
lines 
It is 
mentioned 
of C onto 
HI = h. 
as square roots. [Fermat 1894, II, 460-4611 
possible to imagine how Fermat obtained the above- 
four square roots: In Fig. 1 let F be the projection 
AB and H that of I: further, let FH = 1, CF = d, and 
When the positions of C and I and the dividing line 
AB between the media are given, 1, d, and h are known. To solve 
the problem of minimizing the resistance (l), it is natural to 
set DH = a, and to determine a such that 
q[(l - a)2 + d2]li2 + r2[a2 + h211’2 (2) 
is minimal. 
To find a, Fermat's method of maxima and minima provided 
the following procedure: substitute a + e for a in the expres- 
sion (2); this leads to 
rl[(l - a - e) 2 + d211i2 + r2[(a + e)2 + h2]li2. (3) 
Then "adequate" (2) and (3): 
rl[(l - a)2 + d 2 l/2 1 + r2[a2 + h ] 2 l/2 
-rl[(l - a - e)2 + d I 2 'I2 + r2[(a + e)2 + h2]"2; (4) 
remove common terms; divide by e; disregard terms still contain- 
ing e; and, finally, set the remainders equal to each other. 
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The result will be an equation in a. The "adequation" (4) 
contains four square roots and is probably similar to the ex- 
pression Fermat referred to in his letter. If the calculations 
involved in this "adequation" are carried out, either directly 
or by using a technique Fermat developed for applying his method 
to surd expressions [Fermat 1891, I, 153-1581, the result will 
be an equation such as the following (see (29) in the Appendix): 
rlr2a[(l - aI2 + a21 - rlr2(1 - a)(a2 + h2) 
= [(l - a)2 + d2]1/2(d2 + h2)1/2[r1/2(1-a) - r2/2a].(5) 
It is not known if Fermat actually considered this equation; 
in his letter of January 1, 1662, to De la Chambre, he only 
stated that the idea that he would obtain "an irregular and 
fantastic proportion" after long and tedious calculations and 
"his natural inclination towards indolence" had made him stop 
further investigations [Fermat 1894, II, 4611. However, I 
think it very probable that Fermat derived an equation similar to 
(5) l Although the calculations leading to this equation are 
long, they are feasible and not more complicated than other 
calculations Fermat had carried out. It is very likely that 
Fermat's real problem was to conclude anything from (5), because 
no matter how this equation is reduced, it will not lead to a 
simple expression for a. 
This does not mean that Fermat's method of maxima and minima 
was not a sufficient instrument to deduce the law of refraction 
from the principle of minimal resistance, because Eq. (5) con- 
tains the sine law. Indeed, it is algebraically equivalent to 
1 
[ (1 - ap + a21 (a2 + h2) 1/Z rl[ (1 - aI2 + a21 li2 
t i 
+ r2(a2 + h 2 l/2 
-rl(l - a) 
) + 
II (1 - a)2 + dq1/2 
(6) 
from which the sine law, 
l-a a r2 
[ (1 - a)2 + d2] 
l/2 : 
(a2 + h2) 
l/F= - I 
rl 
(7) 
may be derived. 
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When G. W. Leibniz, in 1684, wanted to show how effective 
his newly developed calculus was, he used it to deduce a result 
similar to (7) by minimizing an expression similar to (2) 
[Leibniz 1908, g-101. However, Fermat was not, in 1657, pre- 
pared to accept Descartes' sine law as a solution to his problem, 
and I think this is the reason why he did not find (7) as a 
solution to Eq. (5). Since he was not able to obtain a simple 
expression for a from (5), he put the problem aside. 
ANALYSIS AD REFRACTIONES 
Fermat resumed the problem of deducing a law of refraction 
on a request from De la Chambre. He elegantly stated, in his 
letter of January 1, that De la Chambre had inspired him to 
follow another and simpler course which reduced the calculations 
[Fermat 1894, II, 4611. Fermat described his simplified calcu- 
lations in Analysis ad refractiones using a very concise style, 
where not all steps are thoroughly explained. This made his 
deduction of the law of refraction look almost like a conjuring 
trick. He proceeded by letting CD be an incident ray (Fig. 2), 
drawing the circle with center at D and radius CD. He then 
stated that he sought point I where the refracted ray cuts the 
circle. 
This setup differed from his 1657 formulation of the problem, 
not only because a circle was introduced, but also because in 
1657 Fermat had supposed that points C and I were given, and had 
then asked for the position of point D, where the refraction 
takes place. In Analysis ad refractiones he framed a physically 
more natural question--namely, How will an incident ray CD bend 
when it passes from one medium to another? 
Figure 2 
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Fermat's next step was to use the principle of least resis- 
tance, which at first seems strange because this principle 
applies only when C and I are fixed points, and his formulation 
of the problem indicated that he considered I to be variable. 
However, Fermat was analyzing the situation; hence he could 
suppose CD1 to be the actual path (which means that I is fixed), 
and he could then use the principle of least resistance to 
achieve a characterization of the position of I. 
In order to do so he first set 
CD = DI = n, DF = b, (8) 
and, further, he let the ratio between the resistance factors 
of the two media be equal to 
b/m (= q/q), (9) 
where m is a given line segment. 
The position of I is determined 
Fermat set 
by the position of H; hence 
DH = a, (10) 
and his task then became to express 
The total resistance along path 
(8) and (7)) 
a by the given magnitudes. 
CDI is proportional to (cf. 
m l CD-kb*DI= mn + bn. (11) 
Since CDI is supposed to be the actual path, it follows from 
the principle of least resistance that (11) will be a minimum 
among resistances along paths COI. These resistances are pro- 
portional to (cf. (9)) 
m l CO + b l OI. (12) 
By setting DO = e and using CO = (CD2 + DO2 - 2D0 l DF)li2 and 
01 = (D12 + DO2 + 200 . DH)li2, Fermat could express (12) as 
(m2n2 + m2e2 - 2m2be)li2 + (b2n2 -I- b2e2 + 2b2ae)li2. (13) 
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He then applied the procedure from his method of maxima and 
minima to the "adequation" of (11) and (13). He did not supply 
the calculations but indicated how they should be carried out, 
apart from introducing an argument concerning second-order terms 
of e, I shall follow his indication by squaring both sides of 
mn + bn - (m2n2 + m2e2 - 2m2be) l/2 + (b2n2 + b2e2 + 2b2ae)li2 I 
(14) 
removing common terms, disregarding terms containing e to the 
second power (because they disappear at the end), dividing by 
2, and isolating the square roots, the following relation is 
obtained: 
bmn2 + m2be - b2ae - (m2n2 + m2e2 - 2m2be)li2 
(m2n2 + m2e2 - 2m2be)li2 l (b2n2 + b2e2 + 2b2ae) l/2 l (15) 
A second squaring, still disregarding second-order terms of e, 
and a division by 2, leads to 
b2m3n2e - ab3mn2e - -b3m2n2e + ab2m2n2e. (16) 
This leads to the equation 
b2mn2(b + m) (a - m) = 0 I (17) 
which has the root 
a = m. (18) 
Result (18) means that at point D, where the refraction takes 
place, we have 
DF b b r2 -=-z-c-. 
DH a m rl (19) 
This may be interpreted as the sine law of refraction. Fermat 
did not mention this law explicitly but concluded his analysis 
by saying that when C and D are given I should be constructed 
on the circle by letting DH be determined by DF/DH = b/m. 
As Michael Mahoney has pointed out, it was not often that 
Fermat thought it necessary to provide a synthetic for his 
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analytical arguments [Mahoney 1973, 3881. However, his reluc- 
tance to accept Descartes' law seemed to have motivated Fermat 
to make an exception, and a short time after he had written 
Analysis ad refractiones, he composed Synthesis ad refractiones. 
The idea of this tract can be described briefly in the following 
way: Let VI and v2 be the velocities of light in the two media. 
Suppose C and D are given and that, again, F is the projection 
of C onto AB (Fig. 2). Let H be determined by 
DF/DH = v1/v2, (20) 
and let I be the point of intersection of the normal to AB at 
H and the circle with center D and radius CD. (Because Fermat 
assumed the speed of light to be inversely proportional to the 
resistance factor of a medium, relations (19) and (20) are 
equivalent.) Using the relations between distances, speeds, and 
times in uniform movements, Fermat was able to show, by entirely 
geometrical arguments, that this construction of I implies that 
the time it takes the light to traverse path CDI is the minimal 
time for all paths COI. From this Fermat concluded that point 
I constructed by (20) was the point of intersection between the 
refracted ray coming from C and the circle with center D and 
radius CD; in other words, the law of refraction is given by 
(20) l 
COMPARISON OF THE TWO FORMS OF THE PROBLEM 
To discuss the difference between the problem of 1657 and 
Analysis ad refractiones we turn our attention to the "adequa- 
tion" (4), which Fermat probably considered in 1657, and express 
it as 
f(a) -f(a + e). (21) 
As we saw, Fermat himself stated that in Analysis ad refractiones 
he had simplified the earlier calculations. Let us examine 
these simplifications. Fermat made two changes: (1) He drew 
a circle; and (2) he introduced another expression, xnn + bn-- 
not containing a--for f(a) = rl[(l - a) 2 + d2]li2 + 
r:! (a2 + h2)li2 and expressed f(a + e) in terms of m, n, b, a, 
and e. The last corresponds to setting f(a) = g(0) and f(a + e) 
= g(e), where g(e) is expression (13). It is this change that 
really had the effect of reducing the calculations. It per- 
mitted the complicated calculations involved in (4) or (21) to 
be replaced by those involved in (14) or 
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910) - g(e). (22) 
Because this "adequation" contains only two square roots and 
only first-order terms of a, it led to calculations much easier 
than (4), the result of which is Eq. (17). 
The circle does not play a crucial role in reducing the 
calculations; these could have been undertaken without much 
more work by replacing f(a) by the expression mn + bp, where 
p = DI f DC = n. Nor is it very important that b, in the ex- 
pression for f(a + e), plays the role of both DF and a resis- 
tance factor; the calculations could also have been carried out 
if f(a) was replaced by the expression rln + r2p. Fermat's 
greatest "trick" was to avoid the two square roots and a in the 
expression for f(a). 
However, the circle and the two roles of b did have the 
effect of making it easier for Fermat to survey his calculations, 
particularly the result he was so very reluctant to trust. Thus 
he wrote to De la Chambre in the letter of January 1: 
I have repeated my algebraic calculations several times 
and the result has always been the same. [Fermat 1894, 
II, 4621 
Even after having been forced to concede that his analysis led 
to Descartes' result, he found, for once, that it would be re- 
assuring also to give a synthetic proof of his result, as we 
have seen. 
CONCLUSION 
The reader may wonder how Descartes and Fermat could have 
arrived at the same law of refraction, when they held opposite 
ideas about how light propagates in different media. Although 
this question is not related to the technique in Fermat's de- 
duction, I shall indicate the answer (more details can be found 
in [Sabra 1967, 149-1501). 
Both Descartes' law and Fermat's law can be described by 
(sin aI)/(sin cl2) = constant, (23) 
where ~11 and a2 are the angles between the vertical direction 
and the ray of light in medium 1 and medium 2, respectively, 
and the constant is determined by the two media. Although 
Descartes and Fermat had different ideas about the speed of 
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light, their interpretations of (23) implied that light in 
passing from a rare to a denser medium is bent toward the ver- 
tical. This made Fermat state that their laws of refraction 
were identical. 
Introducing the speed of light in the two media, Fermat's 
law is, as can be seen from Synthesis (cf. (20)), 
(sin al)/(sin 9) = vl/v2. (24) 
Descartes did not formulate his law in such a way that the vel- 
ocities appear explicitly; however, an analysis of his arguments 
shows that his law is equivalent to 
(sin al)/(sin cl2) = v2/vl. (25) 
So it seems that Fermat's problem arose because he did not ana- 
lyze Descartes' argument with sufficient care and, therefore, 
failed to realize that their apparently common law of refraction 
(23) had the two different forms, namely, (24) and (25). 
The intention of this paper has been to explain Fermat's 
calculations in Analysis ad refractiones and to indicate his 
troubles related to the deduction of the law of refraction. In 
the course of this analysis the following three points have 
emerged: (1) that the problem Fermat solved in Analysis ad re- 
fractiones was similar to a problem he formulated in 1657, (2) 
that the only significant difference between the problem of 1657 
and the procedure in Analysis ad refractiones is that Fermat 
introduced simplifications of the calculations, and (3) that the 
simplifications led to a result which made Fermat realize that 
the correct law of refraction is Descartes' law. 
APPENDIX 
Fermat's procedure in his method of maxima and minima has 
often been described in the language of the calculus. The 
general impression is that his technique for handling the "ad- 
equation" 
f(a) - f(a + e> (26) 
simply leads to the equation 
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f'(a) = 0. (27) 
This is true for certain functions of f, e.g., polynomials in 
a. However, when the function f contains square roots, Fermat's 
procedure involves one or more squarings and results in an equa- 
tion which is more complex than (27). 
In dealing with the law of refraction Fermat considered 
functions of the form 
f(a) = [p(a)1 u2 + [q(a) ] 112, (28) 
where p(a) and g(a) are polynomials in a. In this case his 
technique for treating the "adequation" (26) leads to the 
equation 
p(a) l Q’ (4 + P’ (4 l q(a) 
= -b(a) l q(4W21p’(4 + q’kdl. (29) 
By algebraic operations this equation can be expressed in terms 
of f: it is equivalent to 
[p(aM(a) 1 ‘i2{ [p(a) 1 V2 + [q(a) 1 l/2) 
l Pw’ (4 [p(a) 1 -li2 + +q'(a)[q(a)]1/2} = 0, (30) 
from which it follows that 
[p(a)q(a)11j2 l f(a) l f'(a) = 0. (31) 
Equation (29) can be obtained by using the procedure for 
treating surd expressions which Fermat developed in Ad methodum 
d& maxima et minima appendix [Fermat, I 1891, 153-1581: Let 
M be the minimal value, i.e., 
M = [p(a)]li2 + [q(a)1112. (32) 
Hence 
M - [p(a)]li2 = [q(a)]li2. (33) 
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A squaring and a rearrangement of the terms yield 
Jf2 + P(a) - q(a) = 2M[p(a)]1/2, (34) 
and a second squaring and rearrangement lead to 
Jf4 = 2Jf2b(a) + q(a)1 - [p(a) - q(a)12. (35) 
Since M is supposed to be minimal, M4 will also be minimal; 
Fermat's procedure is then to apply the usual technique for 
determining a minimum of the right-hand side of (35), consider- 
ing M2 to be a constant. This means that from the "adequation" 
2M2bb) + q(a)1 - [P(a) - q(a)12 
-2M2[p(a + e) + q(a + e)] - [p(a + e) - q(a + e)12,(36) 
an equation in a has to be found. Since the terms in this "ad- 
equationW are polynomials, the procedure will lead to 
M2W (4 + q’ WI - b’ (4 - 4’ WI [p(a) - q(a)1 = 0. (37) 
When M is replaced by the expression in (32) the result becomes 
{ [P(a) 1 li2 + [q(a) 1 1/212b1 (a) + q’ (a) 1 
- W (4 - q’ WI [p(a) - q(a)1 = 0, (38) 
which is equivalent to (29). 
Result (29) can also be obtained by applying Fermat's 
method of extrema directly to the "adequation" 
[p(a) I II2 + [q(a) 1 li2 N [p (a + e) ] l/3. + [q(a + e) ] ‘i2. (39) 
Squaring both sides leads to 
p(a) + q(a) + 2bb)qWl ‘I2 
-p(a + e) + q(a + e) + 2 [p(a + e)q(a + e)]1/2. (40) 
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Since p(a) and g(a) are polynomials and the second-order terms 
in e disappear at the end of the calculation, we can set 
~(a + e) = P(a) + p’ (a) l e and q(a + e) = q(a) + 9’ (a) l e. 
(41) 
Then (40) implies 
2[p(a + e)q(a’ + dl V2- 2[p(a)q(a) I l/2 - p’ (a) l e - 4’ (a) . e. 
Another 
gives 
squaring-- still disregarding second-order in e-- 
4p@ + e)q(a + e) -  Q(a )  l q(a) 
- 4[pb)qb) 1 lj2[p’ (a) + q’ (a)] l e. (43) 
When (41) is applied to this, result (29) is obtained after a 
division by e. 
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NOTE 
1. Sabra [1967, 136-1581; Mahoney [1973, 375-3901; and 
Goldstine [1980, l-61 treat Fermat's expectation of finding a 
law different from Descartes' and Fermat's deductions of the 
sine law. [Hofmann 19631 and [Hofmann 19651 contain short 
summaries of Fermat's procedure; [Pedersen 19711 takes up the 
problems with which Fermat was confronted in 1657 and explains 
Fermat's final deduction by the calculus of variation. 
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